We simulated a doublet of permanent magnet quadrupoles (PMQs) to estimate the sensitivity on positioning precision and its impact on the spectral properties of transported protons. The study guided the construction and testing of a focusing setup for laser-accelerated proton bunches with energies between 6 and 10 MeV. Our results shed light on possible applications that may arise from broad input particle spectra.
Introduction
In contrast to standard continuous wave monoenergetic accelerators, laser-accelerated ion bunches are produced with a broad energy spectrum, small emittance and large angular divergence, featuring short bunch durations of femtoseconds, which may be recompressed to a few picoseconds and below [1] . Upon irradiation of a thin foil target by an intense laser pulse, energetic ions with a large angular divergence emerge, representing a challenge for most beam transport systems that are employed to guide them to a sufficiently large distance from the source. For keeping the ion source compact, future efforts in reducing the size of the laser driver must be accompanied by developments of compact ion optics to guide the ion bunch to the point of application. Permanent magnet quadrupoles (PMQs) represent a compact solution and are as passive devices suited for the use in a rough radiation environment close to the ion source. They have been used before successfully to focus laser-accelerated charged particles [2] [3] [4] .
At least two quadrupoles are needed to produce an ion focus in both transverse dimensions. We investigated the dependence of the ion fluence achievable by such a doublet of PMQs in a distance of 1.3 m from the source on the geometric positions of the PMQs along the beamline and the relative rotation of the two focusing planes for the cases of a monoenergetic and a broad, flat-top input spectrum. The aim of the study was to quantify the sensitivity of the setup with respect to positioning accuracy to guide the construction of a positioning system for such a PMQ doublet.
Materials and methods
The PMQ setup under investigation consists of two quadrupoles assembled in Halbach design with 12 segments, 50 mm diameter and bore diameter of 10 mm. The bigger PMQ (BQP) has a length of 40 mm and a field gradient of . The smaller one has a length of 20 mm and a gradient of (SQP). The magnets were designed to focus protons with energies between 5 and 50 MeV. The gradients have been calculated directly from magnetic field measurements and are known only with given uncertainties. As gradients and lengths of the PMQs are fixed, the only parameters to adjust in order to produce an ion focus are the geometric positions of the setup (see Figure 1) .
To investigate the dependence on the geometric parameters a model was implemented in WOLFRAM MATHEMATICA using the matrix multiplication formalism used in standard accelerator development [4] , where every segment of the beamline is represented by a matrix. The trajectory of a particle through the beamline can be obtained by multiplying a vector with its transverse coordinates (x, x', y, y'), with x, y being the distance to the central axis and x', y' the slope with respect to this axis, with the matrices corresponding to the beamline elements. Rotation matrices were implemented to model the relative rotation between the PMQs focusing planes. The laser-driven ion source was modeled as a divergent point source by initializing particles with randomly distributed angles at the geometric symmetry axis of the system. The source was located at a distance Drift 1 to the entrance of BQP. Further parameters were the distance between both PMQs (Drift 2) and last drift to the focus after SQP (Drift 3). Together with the length of the PMQs they give the total length of the system from the source (Target) to the focus, referred to as Target-Focus-Distance (TFD). The three drift lengths determine the energy focused by the doublet. Drift 1 mainly affects the focused energy and Drift 2 influences the TFD. Still, for every combination of particle energy and TFD only one optimized combination of drift lengths exists. This means the setup will always be designed to focus one energy preferably. This results in a sharp energy selection from the broad ion energy spectrum.
As measure for the fluence in the focus we counted the number of particles passing through an area of mm² around the central axis in the focus plane.
Results
We modeled a flat top energy distribution with distributed between 5 and 50 MeV. Figure  2 represents the fraction of protons of this input spectrum registered within the 1 mm² aperture for settings that were chosen to select a specific energy with a relative energy spread (selectivity) between 2% and 3%. The energy selective character of the PMQ doublet is a result of strong defocusing of particles with energies outside the acceptance bandwidth. The flat-top central peak is due to the fact that particles are counted within the rather large 1 mm² area. The maximum fluence decrease with increasing design energies is a result of the increased Drift 1 for higher design energies. So, the amount of collected particles drops due to the smaller solid angle. The associated shallower entrance angle is also responsible for the slightly larger energy acceptance at higher energies.
In a second set of calculations we investigate the influence of positioning uncertainties on the ion fluence in the focus. Because the optimum drift lengths depend on the (fixed) PMQ gradients, their uncertainties can be accommodated by adjusting the PMQ positions to some extent. With simulations in which the quadrupoles were shifted 5 mm around their calculated design positions for 10 MeV protons, the influence of these errors on the fluence was studied. In a first run the variation of parameters was calculated with a monoenergetic 10 MeV proton bunch. In a second simulation the monoenergetic spectrum was substituted by a flat-top input spectrum from 8 to 12 MeV, representing a spread of 20% around the design energy and being hence sufficiently large to see the energy selective effect. In both cases the fluence, as defined above, was calculated for different combinations of offsets from the design positions Drift1 and Drift2 along the beam axis and plotted against the offsets.
The results can be seen in Figure 3 . In both plots the red dot indicates the ideal combination (design values) of drifts for the design energy 10 MeV. The red lines give the area of approximately 50% fluence of the monoenergetic 10 MeV protons (Figure 3a) . It can be observed that, with a broad input spectrum (Figure 3b ), there is a wide range of possible drift combinations in order to achieve a maximum fluence. These combinations are the positions where other energies than the design energy are focused to the intended position. Accordingly, Figure 4 presents exemplary energy distributions within the 1 mm² area in the focal plane for different combinations of drifts indicated in the most left plot of the figure. As long as Drift 1 is shifted by approximately the same amount and in the same direction as Drift 2 a high particle fluence will be maintained and only the spectrum transmitted through the 1 mm² aperture is shifted (case 1). When choosing combinations with drift offsets off the diagonal, the spectra become notably asymmetric towards higher or lower energies, depending on Drift1 (case 2 and 3). The tolerated offsets are approximately for Drift1 and Drift2 to maintain a fluence above 50%. Higher energies (corresponding to higher values of Drift 1 and Drift 2) are less sensitive to positioning errors. Hence, with respect to initial positioning accuracy, the broad input spectrum is advantageous.
The relative rotation between the two PMQs is strongly influencing the achievable fluence. The range in which an optimal fluence can be achieved is narrow and within . The drop of fluence again depends on the input spectrum, however, less strong as for the drift lengths ( Figure 5 ). The reason for this is that even if the requirement of orthogonality of the PMQs focusing axes is the same for all particle energies again particles from the whole spectrum contribute to the fluence.
Setup design and testing
Based on the results we designed a semi-robotic positioning system to place the PMQs downstream the source at the necessary distances to focus 5 to 50 MeV protons with the precision described above. The two PMQ-axes in beam direction were motorized enabling adjustment of design energy during experiments in vacuum. In addition, a transverse axis was motorized to be able to completely remove the PMQs out of the beam path. Parameters that needed to be fixed only once like the relative lateral offset and the rotation between the two PMQs were adjusted by manual stages. The assembled setup is shown in Figure 6 . It was tested in a series of experiments at the Laserdriven ION (LION) source in the Laboratory for Extreme Photonics (LEX Photonics) in Garching. We were able to generate proton foci at for design proton energies between 6 and 10 MeV. The protons were detected with image plates, placed behind an additional dipole magnet which was used to deflect the low energetic particles that are typically coemitted from the laser plasma interaction. An example of a measured focus is shown in the inset in Figure 6 . The focus exhibits star shaped featured as observed in comparable experiments [3] and its size is around 1 mm², which is reasonable due to the magnifying properties of the doublet.
Conclusion
Based on a detailed parameter study we designed and tested successfully a PMQ-doublet-based focusing setup for laseraccelerated protons. The broad input spectrum significantly reduced the requirements for 'first trial' positioning precision due to the fact that errors in the positioning just result in the focusing of particles with slightly different energy compared to the anticipated design energy. This result is especially advantageous for laser-accelerated ions, which typically feature a broad energy distribution. However, the precision requirements for the relative rotation remain and required careful pre-adjustment via three-dimensional field mapping.
In a next step the experimentally obtained focus images from a broad energy spectrum will be compared to the focus achieved with a monoenergetic 20 MeV beam provided by a Tandem Accelerator. This will allow analyzing the combination of contributions of different particle energies to the focus and magnetic field errors of the PMQs.
The 1 mm² aperture which we introduced as fluence monitor also acts as an efficient energy selector. Utilising the comparably large acceptance angle of the PMQs, and combining PMQ focusing with 2D-spatially resolving sensors, the dynamic range of laser-ion spectrometers can be considerably enhanced in the future. 
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